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A homogeneous, linear, bianisotropic material that occupies a 
bounded region V-in, and whose surface S is charge-neutral and 
current-neutral, was considered. Analysis of the freguency- 
domain Maxwell postulates revealed that the axionic piece 
vanishes from both the partial differential equations valid 
throughout V-in and the boundary conditions on S. Thus, the 
Post constraint is reaffirmed. Also, scattering studies revealed 
that whatever scattering effect may be attributed to the axionic 
piece can instead be attributed to a surface admittance 
parameter quantitating topologically insulating surface states. 


Keywords: anionic piece, depolarization, surface admittance, 
surface state, topological insulator 
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1. Axionic piece of linear constitutive relations 
2. Post constraint 


3. Scattering contributions of 
topologically insulating surface states 
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Axionic piece: Y 
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Macroscopic Maxwell postulates 


Vs Bir z 0 

V x E(r,w)- iwB(r,w)=0 
V:D(r,w)— p(r,w) 

V x A(r,w) + wD(r,w) = J(r,w) 


Primitive fields: E, B 


Induction fields: D, H 





V * B(r,w)=0 
EV * E(r,w) = р(т,ш) 


a V X B(r, w) T iwe,E(r,w) = J(r, 4) 








V * B(r,w)=0 

V x Elr,w) ЯГ iwB(r,w) w О M 
° r = VY oad 

Eo V * E(r,w) = р(т,ш) 

VV x B(r,w) + iwe,E(r,w) = J(r,w) 


V * Br, w) = 0 
V x Er, " — iu DB(r,w) — 0 
+ [e(w) * E(r,w)+a(w) + B(r.w)] 4-W(w) V • Bru) = p(r,w) EV 








= iwB(r, W ) 





Vx tenen w) + RI Bo (e) | E(r 
iw [£(w) * E(r wW)+a(w ш) • B(r,w)| = J(r,w) 


Axionic piece: Y 





У • В(т,ш) = 0 

У х E(r,w)- iwB(r,w)=0 Vout 
o “LR Vowi 

& V * E(r,w) = p(r,u) 

v,V x B(r,w) + iwe,E(r,w) = J(r,w) 


V * B(r,w) —0 
V x Er, у= iwB(r,w)=0 
\/ * |є(ш) * E(r,w)+a(w) + B(r,w)| = p(r,w) 


V x Blo) e E(r,w) + v(w) • Blr,w) 


+iw |e(w) « E(r,w)+0(w) « Blr,w)] = J(r, w) 


Axionic piece: Y Vanishes from the PDEs 
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Axionic piece: Y Vanishes from the PDEs 
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Argument for W: Vout 


р 
does NOT vanish from the 
boundary conditions 


Obukhov and Hehl, Phys. Lett. A 314, 357 (2005) 
Sihvola and Tretyakov, Optik 119, 247 (2008) 
Obukhov and Hehl, Optik 120, 418 (2009) 
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Axionic piece: V Vanishes from the PDEs 


У • В(т,ш) = 0 

V x E(r,w) —iwB(r,w) = 0 

V + D(r,w) = p(r,w) 

V x A(r,w) + wD(r,w) = J(r,w) 
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Ar, y* |B But и) — Bin (Ls) w ) = 0 

Ar, ) x [E out (Tsw = Ej (Eg) 0) > 0 

A A A 57 
ATs) x Hours, w ps Н (75,40) = ИШ J (Ts w) 
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Axionic piece: Y Vanishes from the PDEs 
V * B(r,w) —0 i 
V x Elr,w) - iwB(r,w) = 0 
V + D(r,w) = plr,w) bs 
V x H(r,w) + wD(r,w) = J(r,w) 

п(т.) Ё Bout(Ls,@) > Ball, w)| = 0 
A(r,) x Б ES T Ein(Cew)| эн 0 
; rea 


һ(т..) 2 Ш (7:0) E D; ,(r,.«)] — 
й(т.) > [EL a (Га, 3) — Ни (г...) = Ü 


><A 






SCIENCE 
MECHANICS 





z 
8 E 
Lo . E 


È 
Des М 


Axionic piece: V Vanishes from the PDEs 


У • В(т,ш) = 0 

V x E(r,w) —iwB(r,w) = 0 

V * D(r,o) = p(r,w) 

V x A(r,w) + wD(r,w) = J(r,w) 
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A(t.) * [Bour(ts,¥) ~ Bin(t.4,4)] = 0 

fu(ts) x [Loue(te,) — Bin (Ca, ¥)] = 0 

A(t.) * [eE (r.o) — E(w) * Eile, w)-aw) * Bin(ts,0)-U(1)Bin(ty,4)}] =0 ( 

RI) > lB l — иб) * В„.(т„ш)—8(ш) * Е„(т„,ш)+®(ш).Е„(г„ш)| = 0 
r. € Š 
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Axionic piece: V 
vanishes 

from the PDEs, 

but not from the BCs 





Anomaly 
BCs are derived from the PDES 


(in electromagnetics) 





У • В(т,ш) = 0 Vout 

Vx E(r,w) -iwB(r,w) =0 

V + [z(r,w) » E(r,w)+@(r,w) * B(r,w)| = p(r, w) 

Ух [Ж(т,ш) * Е(т,ш) + (тш) * В(т,ш)| 


+iw [E(r,w) * E(r,w)+a(r,w) * B(r,w)| = J(r,w) 
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V + B(r,w) =0 Vout 

Vx E(r,w) -iwB(r,w) =0 

У * [E(r,w) * E(r,w)+a(r,w) » B(r,w)| = p(r, w) 

V x [B(r.u) * E(r,w) + Z(r,w) * B(r,w) | 
+iw |E(r,w) * E(r,w)+a(r,w) * B(r,w)] = (г, и) 





S: charge-neutral and current-neutral 


Ars) * Boue(ts 0) — Bin(ty,%)] = 0 
f(r.) x [Ea (rao) — Ejnlr,,w)] =0 

&(r,) * [e.Esu (rs w) — £(w) * Es (rs w)-alw) * B (rw) 20 (^ — 0€? 
ñ(r,) x aci - uw) * Bin (2, w)-B(w) * Eine, w)| = 0 
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V + B(r,w) —0 Vout 

Vx E(r,w) -iwB(r,w) =0 

У * [E(r,w) * E(r,w)+a(r,w) » B(r,w)| = p(r, w) 

V x Bew) * E(r,w) + U(r,w) * Btr, v) S 


+iw |E(r,w) “ E(r,w) FA(r,w) “ B(r,w)| — J(r,w) 





S: charge-neutral and current-neutral 


Ars) * [Bous(L sw) — Bin (E 5, w)] = 0 

Ar.) X [Bout(ts,¥) — Ej, (r,,w)| — 0 

fir, ) * eub (r, tu) — &£(w) * Ej, (r,,w)—2o(uw) * Bj, (rs, w)| “i TES 
fr.) x |мВш(т„,ш) — (ш) * Вь(г„ш)—8(ш) * ЕЁ „(г„ш)| =0 


No Y 





Axionic piece: Y 


Vanishes 
from the PDEs and the BCs 


Anomaly removed! 





Post constraint 


V z0 


Post, Fundamental Structure of Electromagnetics (1962) 
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1. Abrupt cessation of microscopic 
morphology at the surface 


2. Chemical modification of surface 


3. Other reasons, e.g., topological 
insulation 








Surface States 





No effect on constitutive relations 
(volumetric) 


Surface may not be charge/current-neutral 





V * B(r,w)=0 
V x E(r,w) —iwB(r,w) = O 


У • [E(r,w) 


- E(r,w)+@(r,w) * B(r,w)] = pl, w) 


V x Bew) + Elr,w) + Y(r,w) * B(r, w) 


+iw [E(r,w) 
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* E(r, w)+a(r, w) 


+ Blr,w)| = 


Surface States 
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Vw Bru) 0 Vout 

V x Elr,w) —iwB(r,w) = 0 

V ° |El, w) + E(r,w)+@(r,w) * B(r,w)| = p(r, w) 

V x [B(r,w) * E(r,w) +Z(r,w) » B(r,w)| | 
+iw |E(r,w) * E(r,w)+a(r,w) * B(r,w)] = (г, из) 





nr.) Я Bout(ls; w) — But, w)| = 

fr.) X M uita 0) "T En far Ww) | = U 

ale.) > lule — (o) * Ein (0) (1%) * Bas (rs. )] = рид) res 
nr.) X В (г. w) — v(w) * Bi, (r, w)—B(w) * E, (rss) = J (£w) 
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No Y 
S 
n E. [Bout as 0) ER Bin(L.s)w)| = 0 
n x [Et (a 0) "T Bin (254 w)| = Ü 
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S is not charge/current-neutral 


Ps Pa; w) = ylw) AEs) 7 Bin (Ls, w) 
As | | E € 
J Arg. 02) — —^y(w) fr.) X Ein (55,0) 





T. 1. Surface States: Example 
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т |. Surface States: Example 


(nr £: д.) (1 ЗЕ Mròr) = (пт) б. 
(7 + 09r)(1 + 9r0r) + (yno)?n20, * 
(Nr + 0+) (1 — тд, + (9%) 126, 
(п + д,) (1 + 7.0.) + (ут)2129, 


217 (1 + nrôr) 

(Mr + Or)(1 + 9dr) + (7)? ТАЛ 
2nre (Ne + Or) 

(Nr + 0) (1 + Hr dr) 4- (Yno) nsr 


cos@ 





д. = 


; Яр = 
cos Og 





ica 21б, 

(Nr + 5.)(1 + 0.0.) + (ут) 2020 
Ta = 2/09; Or 

(Nr +0r)(1 +Mr0r) + (190)*970r 


{ы = 27 Note Or 
(Mr + Or )(1 + Nròr) + (Yno) nk ôr 
bue 2901 
(Nr +07)(1 + 0.) + (п) 2740. 
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T. I. Surface States: Example 


Depolarization due to y 


21)-(1--7)9,) 


29r (Nr + dr) 
tpp 


cos 0 





(Me + dr)(1+ 5.) + (ут)2120 


(Nr + br)(1 + rd) + (no)? 26, | 


-2 








2%упот 5, 

(Nr C: 0, )(1 F Nr Òr) iD (yno) nð, 
27 Non; Or 

(nr a ôr )(1 F Nr Or ) T (Ymo) 1759, 


Гар 


Pos 


top = 2"ynot]- 0. 
(Mr + 5,.)(1 + 0.) + (yn9)?n26,. 
27N0N; 
(Nr + 097-)(1 + + (ут) 2129, 





T. I. Surface States: Example 





Depolarization due to y persists 
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Conclusions 





1. Axionic piece V is filtered out 
by the Maxwell postulates 


2. Post constraint ‘P = 0 holds 
3. Whatever is attributed to Y z 0 


can be explained 
by the surface-state parameter y 
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